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The energy eigenstates for the su(4)-algebraic model for many-quark system obtained 
by the present authors in the Schwinger boson space are reconsidered in the original fermion 
space. Through this task, the structures of the single-quark and the quark-triplet are clari- 
fied. Variations of the su(4)-generators which have been adopted by the present authors are 
discussed. 



■ 81. Introduction 

Q-ij The su (4) algebraic model for many-quark system may be an attractive model. 

With the aid of this model, we are able to obtain a schematic understanding of 
not only the quark-triplet but also the quark-pair phase. In addition, if we are 
interested in the single-quark phase, this model enables us to investigate this phase 

■ including the possibility of its existence. Investigation of many-quark system based 
on : on the s«(4)-algebra traces back to 1983. In this year, Petry et al. proposed an 

interesting model which has been called the Bonn modelP This model leads us to 
^T} ' the quark-triplet which may be identified as "nucleon" in the spherical j-j coupling 

shell model including Z\-particle. In succession, aiming at realistic application, some 
works have been reported.^ The Bonn model is a kind of effective models based on 
the quark-pairing interaction. Therefore, in the frame of the Bonn model, we may 
expect to describe the quark-pairing phase, namely, color superconducting phaseP 
Recently, with the aim of investigating the quark-triplet and the quark-pair phase in a 
^ ■ unified scheme, the present authors have been concerned with the Bonn model.®® 

Naturally, preserving the basic aspects of this model, we modified it so as to be 
able to correct certain insufficient parts. Our description is based on the Schwinger 
boson representation proposed by the present authors (M.Y.) with Kuriyama and 
KunihiroP The energy eigenvalues and their eigenstates are exactly obtained and we 
gave various analysis for the results. However, as will be later mentioned, practically, 
we did not consider the color-symmetric nature of the model explicitly. 

Under the above-mentioned circumstances, very recently, the present authors 
have presented three papers,^ which will be referred to as (I) collectively. In the same 
idea as that of RefsS]) and [5]), the su(4)-algebra was treated in the Schwinger boson 
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space. Of course, we took care of the correspondence to the original fermion space. 
Usually, the Lie algebraic approach to many-body theory starts in a chosen minimum 
weight state. We also follow this idea. The starting form of our sit(4)-algebraic model 
is color-symmetric and involves six types of minimum weight states. The eigenvalues 
of the Casimir operator are all identical to one another. In these six, we choose 
a certain one. As a natural consequence, the basic equations obtained under the 
chosen minimum weight state violate the color-symmetry and the eigenstates of the 
color-symmetric Hamiltonian as a whole are not color-singlets. In RefsS]) and [5]), 
we did not consider this property explicitly. In (I), we gave a certain reasonable 
interpretation for this problem and showed that the energy eigenvalues are of the 
same forms as those obtained in Refs.4) and|SD. On the basis of these results, we made 
detailed analyses for the ground-state energies with positive results. For example, the 
treatment in (I) gives the following conclusion: In the low and the high density region, 
the quark-triplet and the quark-pair phase are dominant, respectively. The above is 
consistent to the common understanding. The description of (I) is based on a specific 
bilinear form of the quark operators for the sii(4)-generators and concrete analysis 
is performed not in the original fermion space, but in the Schwinger boson space. 
Therefore, for instance, in the framework of (I), it is an open question to identify 
the quark-triplet obtained in (I) with the "nucleon" in the spherical j-j coupling 
shell model which characterizes the Bonn model and, further, the structure of the 
single-quark operator is not clarified in relation to the original fermion operator. 

The first aim of this paper is to transcribe the eigenstates of the Hamiltonian 
obtained in the Schwinger boson space into the corresponding eigenstates in the 
original fermion space. The idea for the transcription is simple. As was shown in 
(I), the eigenstates in the Schwinger boson space are derived by operating certain 
state- generating operators on the minimum weight states. The state-generating op- 
erators are certain functions of the su(4)-generators. In RefJS]), we presented other 
forms by performing this operation explicitly. Through this process, besides the 
sn(4)-generators as the quark-pair creation operators, we could derive the explicit 
forms of the single-quark and the quark-triplet creation operators in the Schwinger 
boson space, namely, the building blocks for constructing the eigenstates. Therefore, 
it may be enough for our task to find the minimum weight states and the correspon- 
dences of the state-generating operators in the original fermion space. Through this 
transcription, we can learn that the single-quark operators are the quark operator 
themselves and also the structure of the quark-triplets are clarified. In other words, 
the building blocks for constructing the eigenstates are given. 

The second aim is to present various variations of the su(4)-generators in the 
original fermion space obtained in (I). These are expressed in terms of the bilinear 
forms of the quark creation and annihilation operators. Each quark operator is 
specified by a set of quark numbers for the single-particle state besides the color 
quantum number. Coefficients of the bilinear forms are determined so as to lead 
to the su(4)-algebra. Therefore, the coefficients depend on the quantum numbers 
specifying the single-particle states. Following the choice of the quantum numbers, 
various su(4)-algebraic models appear. In (I), we treated the following case: The 
total number of the single-particle states, each of which is specified by one quantum 
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number, is even. For our idea for describing the su(4)-algebraic model, this case may 
be very instructive. In this paper, after giving a general form, we will show mainly 
three variations of the expressions for the s"u(4)-generators. The first and the second 
variation are for the hadron and nuclear physics. In particular, the relation between 
the quark-triplet and "nucleon" in the shell model is discussed. The third is for the 
atomic physics: The model for a trapped three color atom gas is presented by Errea 
et alP 

In next two sections, some aspects of the model treated in (I) are recapitulated. 
In §2, mainly, the outline of the model is given both in the fermion space and in 
its corresponding Schwinger boson space. In §3, the eigenstates of the Hamiltonian 
are given in the Schwinger boson space. The minimum weight state and the state- 
generating operators are introduced. Section 4 is devoted to presenting the explicit 
forms of the eigenstates in the original fermion space. In §5, the general expression 
of the sii(4)-generators is presented in terms of covering the form recapitulated in 
§2. Further, the eigenstates are given for the general case. In §6, the variations of 
the model given in §2 are discussed. The last section is devoted to a brief summary. 
In Appendix, some mathematical formulae are given. 

§2. The su(4)-algebraic many-quark model and its Schwinger boson 

realization 



In this section, we will recapitulate some aspects of our model by rearranging the 
results reported in our several papers,®'^'^ 1 mainly in (I). This model is formulated 
in terms of the generators of the stt(4)-algebra constructed by the bilinear forms 
of the quark operators. The color quantum number is denoted by i = 1, 2 and 3. 
Each color state has the degeneracy (2j s + 1). Here, j s denotes a half-integer. For 
the present, the degrees of freedom related to isospin are ignored. Therefore, any 
single-particle state is specified as (i,m) with m = ±1/2, ±3/2, • • • , ±j s . It should 
be noted that the above specification for the single-particle state does not always 
mean the spherical many-fermion system. In §5, we will reconsider this statement. 
Creation and annihilation operators are denoted as c* m and Cj m , respectively. 

We introduce the following fifteen operators which are investigated in (I): 

15 — c 2m c 3m > a ~ c 3m c lm > 15 — c lm c 2m > 
m m m 

[S 1 )* , S 2 =(S 2 Y , S 3 = (S 3 )* , (2-la) 

5*i = — C 2m Ci m , Sf = — ^2 ^3m^lm > 5*| = — C~3 m C2m , 
m m m 

Si = (s!)* , Sl = (Sf)* , Si = (Si)* , (2-lb) 

= y~^2m^2m + C^ m C3 m — 1) , Sf = ' S ^{c% >m C 3m + c\ m C\ m — 1) , 
m m 

$1 = ^2( d lmClm + C* 2m C 2m - 1) . (2-lc) 
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Here, we use the notation m for —m. The operators (|2-ip form the su(4)-algebra: 
[S' , S j }=0, [S { , S j ] = S 3 i , 

[ S{ , S k ] = 5^ + SjkS* , [Sf ,Sf} = 6 jt Sf - 5 ik Sj , (2-2a) 
The Casimir operator P is expressed as 

2 



1 

+ 4 



(2-2b) 



As a subalgebra, the sit(4)-algebra contains the s«(3)-algebra. For example, the 
following set forms the sti(3)-algebra: 



q2 q1 q3 q1 g3 C*2 / c«2 o3 

^1 > ^2 ) D l j D 3 ) D 2 ) D 3 ) o I D 2 — D 3 



1 



5!-^ 5 2 2 + ^3 3 -(2-3a) 



The Casimir operator Q is given in the form 



o 2 = E^{ + \ 



si-si) +(sl-sl) +(sl-s 2 2 



52 q3 
2 ~ D 3 



+ 



sl 



sl + sl 



(2-3b) 



~2 ~2 

We can see that P and Q are color-symmetric. By permutations from (1,2,3) 
for the color quantum numbers to others, for example, such as (2,3, 1), we have six 
cases including the identical permutation. In order to formulate the present model 
in terms of the color-symmetric form, it may be necessary to treat the above six 
cases on an equal footing. It was stressed in (I). At the moment, our discussion is 
restricted to the case (|2-3a|) . In addition, the operator, which is linearly independent 
of (Sl - Sf )/2 and S\ - (S% + S|)/2, is introduced: 

Po = I ( S{ + Sl + Sl) . (2-4) 



(2-5) 



The operator Pq is color-symmetric and satisfies 

[ Sj , P ] = . (i, j = 1, 2, 3) 
The Hamiltonian adopted in this model is expressed in the form 



H m = H + xQ 



H 



(2-6) 



If x = 0) H m reduces to H. It is similar to the form originally adopted in the Bonn 
model. The Hamiltonian H is characterized by the relation 



S{,H} = 0. 



(2-7) 
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In order to explain certain properties of a many-quark system which cannot be 
explained in the frame of H, the present authors modified H to H m by adding the 

~2 ~ 

term xQ to H in (I). We are interested in the change of the energy eigenvalues of 
H m from those of H without any change for the energy eigenstates. Therefore, we 
require the condition 

[Si, x} = 0, i.e. [Si,H m }=0. (2-8) 

The above is the outline of the framework of our model. 

In (I), we have investigated in detail the above sn(4)-model in the framework 
of the Schwinger boson realization. By introducing eight kinds of boson operators 
(a, a*), (6,6*), {hi, a*) and (6i,6*) (i = 1,2,3), the su(4)-algebra can be formulated 
as follows: 

5* -»• # = afb - 0,% , Si -»■ Si = b*&i - b*a , 

S{ -> S? = (a* aj - bfh) + Sij(a*a - 6*6) . (2-9) 

Associating with the above su(4)-algebra, we can define the su(l, l)-algebra: 

T + = a*b* + K^i , T- = ba + 6jdj , 

i i 

T = ~{a*a + 6*6) + i ^(a*a; + 6*6^) + 2 . (2-10) 

i 

- 2 

The commutation relations for T± o and the Casimir operator T are given in the 
form 

[ T + , f_ ] = -2f , [ To , f± ] = ±f± , (2-lla) 
T 2 = -i (X1T + + f + f_) + f 2 . (2-llb) 

It may be important to see the relation 

[ any of (f± j0 ) , any of (S\ S h §>) ] = . (2-12) 

By replacing S l etc. and % in JT m with S 1 * etc. and x> respectively, we obtain 
the Hamiltonian in the Schwinger boson space, which is denoted as H m . Of course, 
if x is c-number, i.e., x = X; X should be also c- number, i.e., x = X an d the relation 
(PTTSj) leads us to 

[ T ±j0 , H m ] = . (2-13) 

As a concrete example, we have shown the form of x as a g-number in (I): x is a 
certain function of T and Po- The operator Tb is obtained by replacing o| with S 1 * 
(i = 1, 2, 3) in Pq defined in the relation (j2 4|) . In this case, we have 



[ r ±>0 , x ] = o 



(2-14) 
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Then, under this condition, the relation (|243p is realized. Since x ls regarded as a 

„ 2 

function of T and Pq, we have 

[ S{ , x ] = , i.e., [ S{ , H m ] = . (2-15) 

Under an appropriate choice of x, our model interprets one of the important features 
of many-quark system: in the low and in the high density region, the quark-triplet 
and the quark-pair phase are dominant, respectively. 

The above is an outline of our model in the Schwinger boson realization. Of 
course, it has been already reported in several papers^® including (I). In this con- 
nection, we must comment the following: The form (j2-9|) is by no means unique. 
For example, the simplest case is presented by the form S l = a*b, Si = b*ai and 
Si = a*aj — 5ijb*b. However, the quark-triplet cannot be treated by this representa- 
tion. 



§3. The energy eigenstates in the Schwinger boson space 

Our next task is to recapitulate the energy eigenstates of H m . First, we note 
that our Schwinger boson space is spanned by eight kinds of boson operators and, 
then, the orthogonal set is specified by eight quantum numbers. The relations ()2T3p 
and (|2-14p suggest that, in order to get the energy eigenvalues, it may be enough to 
search the minimum weight state \M X ) for the su(l, 1)- and the sii(3)-algebra: 

TLlAfi) = , TblMx) = (a + 2)|Afi) , 

Sal-Mi) = S\\M X ) = Sl\M x ) = , (34a) 
1 -{S 2 2 -SI)\M 1 ) = -\\M 1 ) , 

Si 1 - \ (Sl + Sf) |Mx) = -(2(a - a ) + (A - 2p))\M x ) , (34b) 

PolMx) = -(4(A + p) - (a + 2a ))|M0 . (34c) 

Obviously, \M\) is expressed in terms of the four quantum numbers: A, p, ao and a. 
In (I), as the state \M\) satisfying the relation ()34p . we presented the form 

\M X ) = \\pa a) = (S 3 ) 2A {S\l)) 2 \b\f^\b*) 2 ^) , (3-2) 

S\l) = -S 1 (§1 - ~ (Si + Sf) \ - S 2 Sf - S 3 S 3 . (3-3) 

Here, in (I), we used S 4 which is identical to — S 4 (l). On the other hand, we presented 
another form 

|Mi) = \\lsrw) = (S 3 ) 2 '(g 1 ) 2s (,B*) 2r (6*) 2u '|0) . (34) 

It has been proved in Refj5|) that both are equivalent to each other through the 
relation 

I = A , s = a — <tq — p , r = p , w = a . (3-5) 
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The operators q k and B* are defined as 
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q k = b* k b - a*a k , B* = £ . (3-6) 

i=l 

The operators S 3 , g 1 and B* indicate the creation operators of the quark-pair, the 
single-quark and the quark-triplet, respectively, that is, the building blocks for the 
state \\lsrw). They carry two, one and three quarks, respectively. Further, we have 
the relation 

[ §1 , S k } = 5 i3 S k + 5 ]k S l , (3-7a) 
[S{ , q k } = 5 ijg k - 5 lk qi , (3-7b) 
[§{,£*] = 25ijB* . (3-7c) 

For the sake of the terms Sj k S l and 5i k qi , S 3 and q 1 are not color-singlet, but B is 
color-singlet. Therefore, we conclude that in spite of the eigenstate of H m , the state 
(|3-4p is not color-singlet. 

Up to the present, our treatment was based on the su(3)-algebra shown in the 
form (|2-3p . In §2, we mentioned that in order to guarantee the color-singlet property, 
we must take into account the other five forms obtained from the form f|2-3[> by the 
permutation for (1, 2, 3). It can be seen that the state \\lsrw) depends on the color 
quantum number 1 and 3 and, then, we use the notation ||123; slrw) for \\lsrw). We 
have two forms ||231; slrw) and ||312; slrw). Actually, the above three forms may 
give the idea of treating our model in the color-symmetric form. In this case, we can 
find the state \\cs; slrw) in the form 

\\cs;slrw) = -= (|| 123; slrw) + ||231; slrw) + \\312; slrw)) . (3-8) 
V3 

Of course, ||123; slrw) etc. are normalized. The state (|3-8p gives us the relations 

(cs; slrwjSj \\cs; slrw) = for i^j, (3 - 9) 
(cs; slrw\\Sl\\cs; slrw) = (cs ; slrw\\S%\\ cs; slrw) = (cs; slrw\\S^\\cs; slrw) 

= \(s + 2l) + 2{2r-w) . (3-10) 

With the use of the relation (|2-lcp with the result ()3-10p , we can show the result 

(cs; sir w\N\\cs; slrw) = (cs; slrw\\N2\\cs; slrw) = (cs; slrw\\ N^jcs; slrw) 

N 

= T . (3") 

Here, Ni denotes the quark-number operator of the color i, in the Schwinger boson 
realization: 

iV 4 = I(2 Js + l) + i^-^ 

3 

= \(2j s + 1) + ±(dl*a - b*b) + 1 J>*a, - bfbj) - (a*ai - bfh) . (3-12) 

j 
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On the average, the color-singlet property of the state \\cs; slrw) is guaranteed. The 
above is the outline of the energy eigenstates of our model in the Schwinger boson 
space which has been already reported in (I). 

§4. The energy eigenstates in the original fermion space 

The main aim of this section is to investigate the explicit form of the energy 
eigenstates in the original fermion space. If we are interested only in obtaining the 
energy eigenvalues, it may be enough to treat the present model in the Schwinger 
boson realization. In fact, we have presented various aspects of the energy eigenvalues 
in the Schwinger boson space in (I). But, if we are interested also obtaining the energy 
eigenstates in terms of the constituents, we must turn back to the original fermion 
space. Through this task, we can complete our investigation of the su(4)-algebraic 
many-quark model. 

First, we reinvestigate the state \\\paoa). This is obtained by operating with 
(S 3 ) 2X (S 4 (l)) 2p on the state |mi) = \\X = 0,p = 0,a a). In the above sense, S 3 and 
5 4 (1) can be regarded as the state-generating operators. Then, if we can find \mi), 
which corresponds to \nii), in the fermion space, the state we are looking for is 
expressed in the form (5 3 ) 2A (5 4 (l)) 2p |mi). Here, S A (1) is obtained by replacing S 1 
etc. with S 1 etc. in the form fj3-3[> . The state |mi) is written down as 

\ mi ) = (b* 1 ) 2 ^- a ^(b*) 2a "\0) . (a>a ) (4-1) 
Then, we can specify the conditions characterizing \mi) as follows: 

Si\m\) = S2\m\) = Sz\mx) = , (4-2a) 
4Vi) = 4Vi) = Sl\mt) = , (4-2b) 
Sl\mi) = — 2a\m\) , S 2 \m\) = — 2o"o|mi) , Sf |mi) = —2a' \mi) , (4-2c) 
a' = a . (4-2d) 

The above is nothing but the conditions to determine the minimum weight state 
for the sn(4)-algebra in the case a' = uq. We can formulate the Schwinger boson 
representation for the a' ^ ao. But, this case may be unsuitable for the Schwinger 
boson representation for our present fermion model. This point has been discussed 
in RefgD. 

Under the above argument, we set up the following conditions for the minimum 
weight state \mi): 

<Si|mi) = £2 1 mi) = 53|mi) = , (4-3a) 
Sl\m x ) = Sl\mx) = S 2 \mi) = , (4-3b) 
Sl\mi) = —1o\m\) , S\\m\) = — 2<7o|mi) , Sf |mi) = — 2a' \mi) , (4-3c) 
a' = a . (4- 3d) 

For the convenience of later discussion, we will use no and n, which are the eigenvalues 
of the quark- number operators N\, N2 and N3 for \mi): 

Ni\mi) = n\mi) , A^mi) = N^mi) = no|mi) . (4-4) 
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The relation between (o~o,a) and (no,n) is given by 

o- = -(2j s + l)- -(n +n) , a = -{2j s + 1) - n . (4-5) 

Of course, the above expression is also valid in the Schwinger boson realization. The 
form (|3Tp tells that a > <7q and we have 



n > no . (4-6) 
The relations (|4-3p — (j4-5|) give |mi) in the following form: 

M=l II ITT^'IIO)- (4-7) 





Here, L>* denotes 



1=1 



Any of (fii, • • • , fJ-n-no, Mi 3 • • • , a4i ) takes the value between (— j s ) to (+j s ) in agree- 
ment with the Pauli-principle. Therefore, we have the following state which corre- 
sponds to \\Xpo-Qa): 



\\Xpa a) -> S 3 S 4 (l) T TT £>*, |0) . (4-9) 




We rewrote the state ()3-2p to the form (|3-4p . As was already mentioned, the 
form (|3-4|) is quite suitable for understanding the structure of many-quark system. 
We will rewrite the state (|4-9p . following this idea. For this task, it may be enough 
to rewrite the part (S 4 (l)) 2p (UpZi° Ci^XIIgii D*,)\0) to the form suitable for our 
discussion. For this rewriting, we introduce the operator B* in the form 

b; = [ s\i) , ] . (4-io) 

With the use of the explicit form of S (1), B* is obtained in the following form: 

3 

b; = Y,s 1 cI. (4-n) 

i=l 

The form (|4-lip tells that, in spite of the commutator [S^l) , c\ ] which is related 
to the color % = 1, the result Yli^ % ^u ^ s color-symmetric. The operator .D* given 
in the relation fj4-8[) is also color-symmetric. The operators B* and D* carry three 
quarks and satisfy the relations 

[ S 4 (l) , B; } = , (4- 12a) 

[S 4 (l) , D*] = 0. (442b) 
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The definition ()4-lip supports the following anti-commutation relation: 

{^,b;, } = o, {b;,b;,} = o. (4-i2c) 

Further, we have 

5 4 (1)|0)=0. (4-13) 
If we notice the relations (|4-12ap and (|4-13p . we have 

Wv |0) 

Here, (S (l)) 2p dlp=i° ^l^ p ) denotes the multi-commutator defined in the relation 
(|A-ip . Let the quantities appearing in Appendix read the following: 

O^S 4 (l), c* p ^c^ p , B* p ^B; pl L^n-n , M = 2p . (4-15) 
Then, the relation (|4-14|) can be expressed as 

/ n-no 2p \ / n \ 

= (n-„ -2 P y. n ^u s k ■ n^, w- < 4i6 > 

v u p y P =2p+i p=i y y 9 =i j 

Finally, we obtain the following result: 

i _ 2A / n— n ° 

iw)^ (n _ no _ 2p) , (5 s ) E(-f p { n 



P \p=2p+l p=l 




Obviously, the state (|4-17[) depends on the colors 3 and 1 and it is not color- 
symmetric. Therefore, with the help of the permutation, the state (|4-17p must be 
symmetrized by the same procedure as the one described in the result (|3-8p . Then, 
we obtain the same results as those in f|3-8|) — (|3Tip , 

Finally, we consider the building blocks of the color-symmetrized version of the 
state (|4-17|) : S , c* km , B^ and D* m . These operators satisfy the relations 

\S{ , S k ]=5 ij S k + 5 3k S i , (4- 18a) 

[ &i t Ckm ] = SijCl m — hkCjm t (4-18b) 
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[ Si , B* m } = 25^ , (4-19a) 
[S{,D* m } = 25 i3 D* m . (449b) 

From the definition of S k and c£ m and the relation (|4T8p , we see that these operators 
create a quark-pair and a single-quark, respectively, and not color-singlet operators. 
On the other hand, B* m and D* m create quark-triplet and they are color-singlets. 
But, concerning their role in the present model, both are different from one another. 
The minimum weight state is given by the relation f)4- T[) , which consist of the single- 
quark and the quark-triplet operators c\ m and D* m . The operator c\ m is transformed 
through <S 4 (1), but D* m is not affected by S 4 (l). This can be seen in the relations 
(|4-10p and (|4-12bp . Therefore, if the system under investigation can be treated in 
the framework of a single irreducible representation, the minimum weight state is 
unchanged and B^ describes the system, alone. If the description of the system 
requires at least two irreducible representations (n' / no), not only B* n but also 
are needed for the description. It may be interesting to compare the relations (|3-7p 



and (|4T8p with each other. The operators S k and c* km correspond to S and q k , 
respectively. Judging from the above-mentioned role, B^ corresponds to B*. In the 
Schwinger boson realization, we cannot find any operator which corresponds to D^. 
The part (b ) 2r7 °\0) in the state (|3- 2|) does not change under the operation of 5* 4 (1) 
given by $33$ on the state (b*) 2r7 °\0). Further, we have Ni{tf) 2<7 ° 10) = n (b*) 2r7 ° |0). 
Therefore, (6*) 2cto |0) plays the same role as the state n^Li D*, |0). 

§5. General form of the su (4) -algebraic many-quark model 

With the aim of investigating the variations of the expression (|2Tp , we formulate 
the sw(4)-algebraic model in a rather general scheme. In this section, we treat many- 
quark system confined in one single-particle level which consists of 2Q a single-particle 
states in each color. Each single-particle state is specified by a quantum number a. 
As for a, its range of values is given by 

a = ±^ , ±^ , • • • , ± (f2 a - , (2J? a : even number) (5-la) 
a = , ±1 , ±2 , • • • , ± (f2 a - - ) , {2Q a : odd number) (5- lb) 



The relation (|5-ip tells that, except a = in the relation (|5Tbp . as a partner of a, 
we can choose another single-particle, —a, which is denoted as a. In the case a = 0, 
the partner of a, a, is the state a it-self, i.e., a = a. 

Under the above arrangement and with the use of real function a(a), we define 
the following fifteen operators: 

S 1 = a ( a )cLc3a , S 2 = a(a)c* 3a c* l& , S 3 = ^2 a («)ci a C2 5 , 

a a a 

Si = (S 1 )* , £2 = (S 2 )* , 5 3 = (S 3 )* , (5-2a) 
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S\ = — ^2 C2 a Ci a , Sf = — ^2 , Sf = — ^2 ^3o^2o , 

a a cl 

s\ = (sir , si = (sfy , si = (sir , (^ 

S\ = ^2(c* 2a C2a + C* 3a C 3a - 1) , S\ = ^2(c* 3a C 3a + C* la C la - 1) , 
a a 

Si = J2{c* la cia + c* 2a c 2a - 1) . (5-2c) 

a 

Let a(a) and a(a) obey the condition 

a(a) 2 = 1 , a(a) = a(a) . (5-3a) 

If a(a) does not satisfy the condition (|5-3a|) . a(a) should vanish: 

a(a) = . (5-3b) 

We can prove that the above fifteen operators form the sii(4)-algebra, that is, they 
satisfy the commutation relation (|2-2ap . If a(a) is changed in the frame of the 
condition (|5-3p . we obtain various expressions for the su(4)-algebra. 

Even if a(a) is reasonably chosen under physical interpretation, we encounter 
some cases which do not satisfy the condition ()5-3|) . In these cases, we supplement a 
with new quantum number (3 and make the following replacement in the expression 
(E2D: 



a -> a/3 , a(a) -»■ a(a)b((3) , 2Q a -> AQ a Q b . (5-4) 

We obtain the expression satisfying the su(4)-algebra, if a(a)b((3) obey the condition 

(a(a)b(P)) 2 = 1 . a(a)b0) = a(a)b(J3) . (5-5) 

Of course, f3 is divided into two cases which are similar to those in (|5Ta|) and (|5-lbp . 
If the set of the quantum number (a, j3) still does not satisfy the condition (|5-5p . we 
proceed with the same task as before and make the following replacement: 

a -»• a/?7 , a(a) -> a(a)b(f3)c(j) , 2Q a -> &(2 a fl b fl c . (5-6) 

Of course, a(a)b(j3)c(^) should satisfy 

(a(a)6(/3)c( 7 )) 2 = 1 . a(&)b0)ctf) = a(a)6(/3)c( 7 ) . (5-7) 

Here, 7 is divided into two cases which are similar to those in (|5Tap and (|5-lbp . 

The expression of the su(4)-generators (|5 2[) suggests us that the idea developed 
in last section is available without any modification. The minimum weight state 
I mi) is given in the form 

' n—no \ 1 no 



\mi)= ^U d Uj \ U D kj 1°) ' ^ 

3 

K = l[c* a . (5-9) 



i=l 
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The above forms come from the relations (|4-7|) and (|4-8|) . The operator £?* is given 
in the form 

B* a = [S\l), c* la ] = ^S l c* Q . (5-10) 

i=i 

Of course, B* a and D* a satisfy 

[ <? 4 (1) , B* a ] = , (541a) 
[ S\l) ,D* a ] = , (541b) 
{ c* la , B* a , } = , {b:,^} = 0. (541c) 

Through the same process as that in §4, we have the following form: 

1 /—A 2A 

Xpa a) -> ? — T S 3 ' 

(n — no — 2/Oj! V 

>< E(-) pp ( n ^ n < ) • ( n ^ 1 1°) • ( 5 - 12 ) 

P \p=2p+l p=l / \g=l J 

It may be not necessary to give the explanation of the notations. In the case where 
the condition (|5-3p does not hold, it may be enough to make the replacement (|5-4p 
or (|5-6|) to the relations (|5-8|) — (|542p . Judging from the above treatment, all the 
relations derived in §4 are valid in general, if the quantum number specifying the 
single-particle state is changed from m to a. Therefore, the relations (|448p and 
(|449p which characterized the building blocks are valid if m is replaced by a and 
the argument below the relations (|448p and (|449p is valid. 



§6. Discussions and some examples 



Main task of this section is to apply the general form presented in §5 to certain 
concrete cases. For this aim, we return to the form given in §2. Let us put a = m 
and fl a — 1/2 = j s in the relation (|54ap . Then, the expression (|24p is obtained 
by putting a(a) = 1 for all a in the relation ()5-2p and, certainly, this case satisfies 
the condition (|5-3p . In this sense, the expression ()24p is one of the examples of the 
general form (|5-2p . Of course, we have 2Q a = 2j s + 1. If we regard j s as the angular 
momentum specifying the single-particle level in the spherical j-j coupling shell 
model, the quantum number m becomes the projection to z-axis. In the case a(a) = 
1, S % does not indicate the quark-pair coupled to the angular momentum J = 0. If 
we adopt a(a) = (— p s-m , S l becomes the quark-pair coupled to J = 0, because of 
the Clebsch-Gordan coefficient {js'mjs — m\00) = (— ) Js_m • \/^/2j s + 1. However, in 
this case, we have a(a) = (— )- ?s+m = —a(a) and in the frame of a(a) = (— )- ?s_m , the 
sn(4)-algebra cannot be expected. In order to overcome this discrepancy, inevitably, 
we must the quantum number f3. The spin and the isospin are the properties of the 
quark except the color. Since j s is a half-integer, the effect of the spin is already 
included in a and we have an idea to introduce the isospin as f3. 
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Under the above consideration, let us introduce the isospin to our model. The 
single-particle state is specified by two quantum number m and r (= ±1/2), i.e., 
b((3) = (— )2 _r and 2i7^ = 2 and a(a)b((3) is expressed as 



i 



a(a)b((3) = (-)>•-<" , (a(a)b(P)Y = 1 . (6-1) 
Certainly, we have 

a(a)b0) = = a(a)b(J3) . (6-2) 

The relation (|6-ip tells us that we are considering the quark-pair with J = 
and T = 0. By substituting the relation (|6-ip into the form (|5-2|) . we obtain 
the expression of the su(4)-generators in the present case. For example, we have 
S 1 = E^R^R^cL^- and S{ = E m r(^c 2m r+cl mT c 3mT )-2(2j s +l). 
The quark-triplets can be expressed as 

3 3 
i=l i=l 

The form (|6-3j) is nothing but the form proposed in the original Bonn model, in which 
the former and the latter represent "nucleon" and /^-excitation. In the introductory 
part of §5, we showed two cases. The above example is based on the case ([5- lap . 

Next, we consider the case ()5-lb[) . In parallel with (j s ,m), we introduce a set 
of the integers (l s ,fJ>)- For a given l s , \x takes the value fj, = 0, ±1, ±2, • • • , ±l s 
and we put a = \i and fi a — 1/2 = l s in the relation ()5Tbp . In the same idea as 
that in the case (j s ,m), we regard (Z s , yu) as the angular momentum (orbital). The 
function a(a) = (— ) Zs_ ^ satisfies a(a) = (— ) ls+ ^ = a{a) and, then, different from the 
previous case, we obtain the su(4)-algebra. However, in the frame of (l s ,fi), only the 
orbital angular momentum is taken into account. Therefore, for the problem of the 
quark, we must introduce the degrees of freedom related to the spin and the isospin. 
The single-particle state is specified by three quantum numbers fj,, a{= ±1/2) and 
r(= ±1/2), i.e., b[fi) = {-)^~ a , 0(7) = (-)^ r , 2Q h = 2 and 2Q C = 2. Then, 
a(a)b((3)c('j) is expressed as 

a(a)6(/3)c( 7 ) = (-)^(_)§-(_)§- , (a(a)b((3)c(l)) 2 = 1 • (6-4) 
From the following relation, we can expect the su(4)-algebra: 

a{a)b{Ml) = = a(a)b((3)c(l) • (6-5) 

For instance, we have the relations S 1 = Y^u,ctt(~ ) ls )^~ a (~ )^~ T ^tJ,aT^3riaT aim 
= E Ai <jr(c2 At( 7TC2 A i CT r±C3 M(Tr C3 M(7T )-4(2/ s + l). In the same manner as the previous 
case, the quark-triplets in the present case are given in the form 

3 3 
= XT S l c ifJl(TT , D^ aT = Y\ CifMTT ■ (6 "6) 

i=l i=l 
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The former and the latter denote "nucleon" and Z\-excitation. In contrast with the 
case (|5-lap . the case (|5-lb|) is based on the spherical L-S coupling shell model. 

As is clear from the above argument, we have two forms for the "nucleon". The 
forms (j6-3|) and (j6-6j) are based on the spherical j-j coupling and L-S coupling shell 
models, respectively. In subsequent paper, we will discuss these two forms and some 
problems related to them. 

Concerning the condition (|5-lbj) . we have discussed the case a(a) = (—) ls ~ fl . 
The case a(a) = 1 for all a gives us the su(4)-algebra and this case can be regarded 
as the correspondence of the condition (|5- laf) with a(a) = 1. As a case which cannot 
be found in the condition ()5Tap . we consider the a(a) = 1 with 2I? a = 1. This is 
nothing but the case a = which consists of (c* ,Cio) for i = 1, 2 and 3. But, if 
limited to one single-particle level with a = 0, the model is too simple to intend 
to investigate. Then, we enlarge the number of the single-particle level from one 
to the plural and each level is specified as v {y = 0, 1, 2, • • • , z^o). Therefore, the 
single-particle state is specified by iv: (c* u ,di u ). 

The sii(4)-generators for z^-th single-particle level are expressed as follows: 

S\u) = c* 2v cl v , S 2 {v) = c* 3v c\ v , S z {y) = c\ v cl v , 

Si(iz) = . S 2 (u) = (S 2 (u))* , S 3 (y) = (S 3 (v)T , (6.7a) 

Sl(v) = -c* 2v civ , Sf(u) = -c\ v c X v , Sl(y) = -c\ v c 2v , 

Sj(u) = (Sf(v)y , Sl(u) = (Sf(u)y , Si (u) = (Sl(v)T , (6-7b) 

Si W = c* 2u c 2u + c* 3u c 3u - 1 , Sl(v) = c* 3u c 3u + c* lu c lu - 1 , 

Sii") = c* lu ci u + c* 2v c 2v - 1 . (6- 7c) 

Further, we have the relation for v' ^ v 

[ any of the v -th generators , any of the z/-th generators ] = . (6-8) 

Fermion number operator in the i/-th level, N(u), is expresses as 

N(u) = ^iV» , iV» = = \ ^E^W + X j " • ( 6 " 9a ) 

Fermion number operator in the color i and the total fermion number operator are 
expressed as 

Nt = ^ Ni(y) =N-J2 S\{v) - v , (6-9b) 

V V 

N = s £ j N(y) . (6-9c) 

The orthogonal set in the u-th subspace is given as follows: 

10), 2L5LI0), ~4v~cl u \0), c* lu c* 2u \0), 

c*J0) , cyO) , c*J0) , c\ v c* 2v c* 3v \Q) . (6-10) 
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The vacuum |0) is common to all subspace. 

The Hamiltonian adopted in this model, for example, is expressed in the form 

E = ^a(,)-GW^(,)Jfc%)j. (G>0) (6-11) 

Here, e u and G denote the single-particle energy of the z/-th level and the interaction 
strength, respectively. The order of the level is given as ei < £2 < • • • < e u . This 
model is a kind of su(A) <g> su(A) <g) • • • ® sw(4)-algebraic model. If e\ = 62 = • • • = 
e v (= e), the Hamiltonian (|6T1|) reduces to the following: 

H = eN-G^S%, S i = ^S i (v). (6-12) 

i v 

The Hamiltonian (|6-12p may be equivalent to that of the Bonn model. The above 
model has been investigated by Errea et alP 1 by the name of the model for a 
trapped three-color atom gas. If we adopt the Schwinger boson representation, this 
model may be described in the form much simpler than that by Errea et al. The 
conventional and familiar many-body technique can be easily applied. Of course, 
in this case, the Schwinger boson space is constructed by the bosons {a.{{y) , a* (v)) , 
(bi(u), b*(u)), (a(u), a*(») and (6(1/), b*(u)) for i = 1, 2, 3 and v = 0, 1, 2, • • • , u . 



§7. Summary 



In this paper, we have re-formulated the many-quark model with the su(4)- 
algebraic structure developed in our previous papers (I) and RefsH]) and[5j). In those 
papers, we investigated the modified Bonn quark model by using the Schwinger 
boson realization in the boson space and constructed the exact eigenstates together 
with exact eigenvalues for the energy under consideration. The eigenstates were 
constructed by the use of operators with the number of quarks, 1, 2 and 3, which 
were interpreted as the single-quark, the quark-pair and the quark-triplet operator, 
respectively, in the boson space. In this paper, these operators have been transcribed 
into the quark operators in the original fermion space. Through this transcription, 
it was clarified that the single-quark operators were the quark operators themselves. 
Further, the structure of the quark-triplet operators were also clarified, in which the 
"nucleon" and "Z\-excitation" were indicated in the original fermion space. 

Furthermore, in this paper, it has been shown that, following the choice of 
the quantum numbers of the original fermion operator besides the color quantum 
number, we can construct the various sn(4)-algebraic models. If the flavor (isospin) 
quantum number is introduced adding to the total angular momentum j s in a single- 
particle level, the Bonn quark model can be obtained in the j-j coupling scheme. 
When the orbital angular momentum (l s ,fi), instead of (j s ,m), is treated together 
with the quark spin (1/2, ±1/2), the Bonn quark model based on the L-S coupling 
scheme appears. Further, if many single-particle levels are introduced, the su(4) ® 
su(4) (8> • • • ® su(4)-algebraic model can be constructed, which may be known as a 
model of a trapped three color atom gas in the atomic physics. Thus, it is concluded 
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that the many-fermion models with the su(4)-algebraic structure may be treated 
widely in our scheme developed in our papers and re-formulated in this paper. 
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Appendix A 

General formula for deriving the relation {J^-lb ) 



In this Appendix, we will present a formula for deriving the relation (|4-16p in 
a rather general form. Our present problem is to give an idea how to express the 
multiple commutator of O for &t- ■ ■ c\ which is defined in the following form: 

(6) M (cl---cl) = [d , [6,.., [6, r L ..-r\ . (Al) 

N » ' 

M 

The symbol OX denotes the commutator [ O , X ] and (cT, q; I = 1, 2, • • • ,L) is a 
set of fermion operators. The operator O is a function of (cf, q; I = 1, 2, • • • , L) and 
we require the following condition: 

[O,Bf] = 0, {%,Bf,} = 0, { Bf , Bp } = . (A2) 

Here, is defined as 

B; = [d,%]. (A3) 

First, we notice the identity 

cl...c* 1 = (L\)- 1 ^(-) P P(cl---cl) . (A4) 
p 

Here, P denotes the permutation 

p _ ( 1 2 ••• L \ (\P_f+l ;even permutation , . . 

\ Pi P2 PL J ' \ — 1 ; odd permutation 

The simplest case is as follows: 

0(c* L -■%) = (LI)' 1 ^2{-) P P{0(c* L • • • c\)) 
p 

= (LI)- 1 ^2H P P(Blcl-i ■ ■ ■ cl~c\ + ShBU ■ ■ ■ clcl + ■■■ 
p 

+clcl^...B* 2 dt + c* L c* L _ 1 ...c* 2 B* 1 ) 

= (L\y 1 LY,{-) P P(cl~cl_ 1 ...clBl) 
p 

= ((L - l)!)- 1 ^-) Pp (^l-i ■ ■ ■ ~ C IBD ■ (A" 6 ) 
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Of course, we used the relation (|A-2p and (|A-3p , By calculating successively to the 
higher power for O, we obtain the following form: 

{d) M (cl ...*?) = ((L - My.)- 1 Y^(-) P P(cl • • • ~c* M+1 B* M • • • B{) . (A-7) 

p 

Especially, for the case M = L, we have 

(d) L (cl---cl) = ^(-) Pp (BI---BI) 
p 

= L\[B* L --- B^j . (A-8) 

We can see that all cj* are replaced with the corresponding B^. 
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